ABSTRACT. We study the Hausdorff dimension of the intersection between local stable manifolds and the respective basic sets of a class of hyperbolic polynomial endomorphisms on the complex projective space P 2 . We consider the perturbation (z 2 + εz + bεw 2 , w 2 ) of (z 2 , w 2 ) and we prove that, for b sufficiently small, it is injective on its basic set Λ ε close to Λ := {0} × S 1 . Moreover we give very precise upper and lower estimates for the Hausdorff dimension of the intersection between local stable manifolds and Λ ε , in the case of these maps.
Introduction
The first applications of thermodynamical formalism to dimension estimates were given by Bowen [1] and independently by Ruelle [9] ; they obtained formulas for the Hausdorff dimension in the case of rational maps. Then, in [4] , Manning and McCluskey applied thermodynamical formalism to formulas for the Hausdorff dimension in the case of diffeomorphisms on surfaces. The situation for non-invertible higher-dimensional maps is different and was studied in [5] , [6] , [7] and [8] .
In this paper, we are interested to apply the results in [6] and [7] to study a large class of maps obtained as perturbations of (z 2 , w 2 ) and to identify a set of elements of this class which are injective on their respective basic sets, although these polynomial maps are not injective on C 2 .
In order to study the dynamics of the maps we are interested in, we will first introduce some notation. Let (X, d) be a compact metric space and f : X → X a continuous map. For n a positive integer and ε > 0 we define the metric
We now recall the concept of topological pressure (see Walters [11] ).
Ò Ø ÓÒ 2º
The topological pressure of f is the map P f : C(X, R) →R defined as follows:
Next are some well-known properties of topological pressure. Their proofs can be found in Walters [11] . 
Remarkº Λ is usually a fractal set and f (Λ) = Λ. However f −1 (Λ) might not be equal to the entire Λ, i.e. Λ is not necessary totally invariant. Thus we can consider f | Λ : Λ → Λ. [7] ).f :Λ →Λ will denote the shift map,f (
We say that f is hyperbolic on Λ if there exists a continuous splitting of the tangent bundle ofΛ, TΛ = T s ⊕ T u , and constants K > 1,
, and |Df
The stable/unstable bundles are also assumed invariant, i.e. Df (T
After a change of metric on M , we can assume that C = 1. For x 0 ∈ Λ and ε > 0, define the local stable manifold by W
k ≥ 0 , and the local unstable manifold of a prehistoryx, by
Remarkº For a hyperbolic endomorphism of Λ, the local unstable manifolds are not uniquely defined by their base point; instead they depend on the whole prehistoryx ∈Λ.
We know that any hyperbolic basic set for an endomorphism has local product structure ( [2] ).
Main results
We consider the map f :
and, for b ∈ C \ {0}, |b| small, consider the perturbation f ε : C 2 → C 2 , where
Denote by Λ = {0} × S 1 .
We will show the existence of a basic set for f ε , denoted by Λ ε , which is close to Λ and has the property that f ε | Λ ε is injective. Since f ε is a perturbation of f , we can apply the results of [10] (see also [7] ) to obtain a basic set Λ ε for f ε , s.t. f ε is hyperbolic on Λ ε , and
Now we will show that f ε | Λ ε is a homeomorphism. 
Now, we will show that f ε is injective on Λ ε . First we will estimate the sup (z,w)Λ ε |z|, which will help us in proving the injectivity. We denote by α = sup (z,w)∈Λ ε |z|. Because of the compactness of Λ ε this supremum is attained, and let (z 0 , w 0 ) ∈ Λ ε be a point with |z 0 | = α. From the surjectivity of f ε on Λ ε , we can choose (z, w) ∈ Λ ε such that f ε (z, w) = (z 0
This relation is true for
For ε small enough, we obtain that K is almost 1; so we can take K ≤ 1.1. We also choose b such that |b| ≤ 
Assume now there exist two points (
and from this we have
Consider first the case z 1 = z 2 and w 1 = −w 2 . Because f ε is surjective on Λ ε , there exist (z 3 , w 3 ), (z 4 , w 4 ) ∈ Λ ε such that f ε (z 3 , w 3 ) = (z 1 , w 1 ) and f ε (z 4 , w 4 ) = (z 2 , w 2 ). Thus
Knowing that |w 1 | = 1 this relation implies |2bε| = |(z 4 − z 3 )(z 4 + z 3 + ε)| thus, from (1)
That is 1 ≤ 1.1(1 + 2.2|b|)ε which is impossible for ε small. The next case is when z 1 +z 2 +ε = 0 and w 1 = w 2 . Like above, there exist two points (z 3 , w 3 ), (z 4 , w 4 ) ∈ Λ ε such that f ε (z 3 , w 3 ) = (z 1 , w 1 ) and f ε (z 4 , w 4 ) = (z 2 , w 2 ), which means 
But from (1)
and, similarly as in (4) for the left term of (5),
This last relation together with (5) and (6) imply
which is impossible for ε small enough and b = 0 fixed (ε < ε(b)).
We take now the case z 1 + z 2 + ε = 0 and w 1 = −w 2 . Consider: (z 3 , w 3 ), (z 4 , w 4 ) ∈ Λ ε such that f ε (z 3 , w 3 ) = (z 1 , w 1 ) and f ε (z 4 , w 4 ) = (z 2 , w 2 ), which means 
From this inequality and the estimates (1) it follows that
and for the right term of (7) using (1) we obtain
Thus from (7), (8) and (9) it follows that 2.2|b|(1 + 2.2|b|)ε + 2|b| ≥ (1 − 2.2|b|) which is impossible for ε small and |b| < 1 5 . In conclusion z 1 = z 2 and w 1 = w 2 and consequently f ε | Λ ε : Λ ε → Λ ε is an injective map.
We have the next results due to E. Mihailescu and M. Urbanski [6] . Ì ÓÖ Ñ (Lower estimate)º ( [6] ) Suppose that Λ is a basic set of saddle type for an Axiom A holomorphic endomorphism f :
Remarkº In the above theorem h (·) denotes the inverse entropy; we only need to know that in the case of a homeomorphism it is equal to the entropy.
By applying the same proofs, we notice that these theorems can be extended to the case of a holomorphic map on C 2 , which is hyperbolic on a basic set Λ, like the map f ε is in our case. This will be used to prove the following estimates for the stable dimension.
ÈÖÓÔÓ× Ø ÓÒ 1º In the setting of Theorem 1, we have the following estimates for the Hausdorff dimension of
P r o o f. From Theorem 1 we know that f ε | Λ ε : Λ ε → Λ ε is a homeomorphism on Λ ε . From Ruelle [8] and Shub [10] we know that there exists a topological conjugacy betweenf onΛ andf ε onΛ ε . This together with the fact that the topological entropy of the map w → w 2 is log 2 implies
wheref represents the lifting of f to a homeomorphism ofΛ. In order to apply the above-mentioned results from [6] , we will give an estimate for the derivative of f ε in the stable direction. The derivative of f ε at x = (z, w) is
Thus f does not have critical points in Λ ε since |b| < The stable space of f ε at a point
Indeed, we can check that
and the vectors from the space E 
Let now t 0,ε be the unique zero of the function t → P (t log[(2.2|b| + 1)ε]). Thus, from the definitions of t s 0,ε and t 0,ε and from (12) we see that t s 0,ε ≤ t 0,ε .
The function (z, w) → t log (2.2|b| + 1)ε is constant and, from (11) , its topological pressure is equal to P t log[(2.2|b| + 1)ε] = t log (2.2|b| + 1)ε + h top (f ) = t log (2.2|b| + 1)ε + log 2.
Thus we obtain t 0,ε = . 
Also, we have

